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1 Introduction 



> 

Q\ , The symmetry approach to classification of integrable PDEs (see surveys [1-3] and references 
O ■ 

■ there) is based on the existence of higher infinitesimal symmetries and/or conservation laws 

for integrable equations. This approach especially efficient for evolution equations with one 

Q\ ', spatial variable. In particular, all integrable equations of the form 
O 

u t = u 3 + F(u 2 ,u 1 ,u), Ui = — (1.1) 
were found in [4,5]. The following list of integrable equations 
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;i-4) 
;i.5) 



ut = u xxx - 2( J^ } + Cl (u 2 x + if' 2 + c 2 u 3 x , (1.6) 

u t = u xxx - - -p(u)u x {u x + 1), (1.7) 

2(^ + 1) 2 



u t = u xxx - ^ + JL - \p{u)ul (1. 



,2 



3m 2 

u« = u xxx - — a, (1.9) 



2m 



a; 



3w 2 

i*t = u xxx - + ciw 3/2 + c 2 u 2 x , ci^0orc 2 ^0, (1.10) 
3m 2 

= ~r^- + CM, (1.11) 

4M;e 

Ut = Uxxx - 7 : + 3 u^u^tV u x + l-u x -l) 

4 ttj. + 1 (1-12) 

- + 1) 3/2 + 3M" 2 Ma; (m x . + 1)(m x . + 2), 



3 u 2 xx a u xx (u x + l)coshu U xx y/U x + 1 
Mi = «ib - t —T - 3 r-; h 3 



4 Mj, + 1 sinh w sinh m 

(« x + l) 3 / 2 cosIim m x (m x + l)(u x + 2) 



;i.i3) 



6 —2 + 3 — 2 + U X (U S + 3), 

sinh u sinn w 



u t = u xxx + 3m 2 m x:c + 3u 4 u x + 9mm 2 , (1.14) 
u t = u xxx + 3ww xx . + 3u 2 u x + 3m 2 , (1-15) 
u t = u xxx . (1.16) 

can be derived from [4]. Here (p') 2 = 4p 3 — g 2 fp ~ 93, an d fc, c, Ci,c 2 , #2, 93 are arbitrary 
constants. Equations (I1.2I) - (I1.10I) are integrable by the inverse scattering method whereas 
(Il.lip -l fl.i5p are linearizable (S and C-integrable in the terminology by F. Calogero). The 
above list is complete up to transformations of the form 

m — ► 4>{u); t —> t, x — > x + cb; x — > ax, t — > (3t, u — > Am; u— tu + ^yx + St. (1-17) 

The latter transformation preserves the form (II. ip only for equations with §f = 0. Moreover 
the linear equations admit the transformation: 

u — > u exp(ctx 4- /3t) . (1-18) 



Since the symmetry approach is pure algebraic, the function <\> and the constants 
c, a,/3,X, 7 and 5 supposed to be complex-valued. Thus, we do not distinguish equations 
Ut = u xxx — u\ and u t = u xxx + m 3 and so on. 

For scalar hyperbolic equations of the form 

U X y = ^(U,U X ,Uy) (1-19) 

the symmetry approach postulates the existence of both x-symmetries 

u t = A(u,u x ,u xx , ...,), (1.20) 
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and y-symmetries 

u t = B(u,Uy } u yy , . . . ,). (1-21) 
Two equations (11.191) are called equivalent if they are related by transformations of the form 

x <->• y; u — > <j){u)\ x — * ax, y — > f3y, u \u; u^u + ^x + 5y, (1-22) 
and for the linear equations by 

u — ► u exp(aa; + (3y)\ u^u + cxy. (1-23) 

Here, in general, the function cf> and the constants supposed to be complex-valued. 
For the famous integrable sin-Gordon^ equation 

u xy = Cl e u + c 2 e~ u (1.24) 

the simplest x and y-symmetries are given by 

1 3 _ 1 3 

u xxx 2^ 3; ' ^yyy 2,^^' 

These evolution equations are integrable themselves (a special case of equation ( 11. 5ft ). 

The general higher symmetry classification for equations (11.191) turns out to be very com- 
plicated problem, which is not solved till now. Some important special results have been 
obtained in [6-8]. In general, all three functions \1/, A, B should be found from the compati- 
bility conditions for equations (I1.19p . (11.20)) and (11.191) . ( 11.21)) . However, if the functions A 
and B are somehow fixed, then it is not difficult to verify whether the corresponding function 
^ exists or not and to find it. 

To describe all integrable equations (11.191) of the sin-Gordon type, we assume (see Dis- 
cussion) that both symmetries (11.20)) and (11.21)) are integrable equations of the form 

U t = U XXX + F(U,U X ,U XX ), U t = Uyyy + G(U,Uy,Uyy). (l .25) 

It turns out that taken for x-symmetry one of the equations of the List 1, one can easily find 
the corresponding equations (11.191) having y-symmetries or can prove that such equations 
do not exist. In the Section 2 we present all integrable hyperbolic equations thus obtained. 

The hyperbolic equations can be separated by presence or absence of x and y-integrals 
(see Discussion). Consider, for instance, the Liouville equation 

u x y e . 



1 We do not distinguish sin-Gordon and sinh-Gordon equations 
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It is easy to verify that the function 

P = u xx 

does not depend on y (i.e. is a function depending on x only) for any solution u(x, y) of the 
Liouville equation. Analogously, the function 

Q = u yy — —u y 

does not depend on x on the solutions of the Liouville equation. 

A function w(x,y,u,u y ,u yy , . . .) that does not depend on x for any solution of (11.191) 
is called x-integral. Similarly the ^-integrals are defined. An equation of the form ( 11.191) 
is called equation of the Liouville type (or Darboux integrable equation), if the equation 
possesses both nontrivial x- and ^-integrals. Some of integrable hyperbolic equations found 
in Section 2 are equations of the Liouville type. 

In contrast, the sin-Gordon equation (11.241) has no x- and y-integrals for generic values 
of the constants Cj. There are two types of such equations. Equations of the first type can 
be reduced to the linear Klein-Gordon equation u xy = cu by differential substitutions. If an 
equation with the third order symmetries has no integrals and linearizing substitutions, we 
call it equation of sin- Gordon type. The following equations from the lists of Section 2 are 
equations of this kind: 

u xy = c x e u + c 2 e' u ; (1.26) 



u xy = f(u)Jul + l, f" = cf- (1.27) 



''xy 
y>xy 



u xv = \ u xX ul + 1; (1.28) 



^^u)-^ul + l^ul + l. (1.29) 



Here (p r ) 2 = 4p 3 — g 2 p — #3, 4/i 3 — g 2 n — g% = and c, Ci, c 2 , a, /1, g 2 , #3 are constants. Equa- 
tions (ll.27p . (11.291) are known. These equations are related to equation (11.261) via differential 
substitutions [8,10]. Equation ( 11. 28ft is probably new. The corresponding differential sub- 
stitution is given by 



v 



xy 



-coshf, u xy = ^fu^^J Uy + 1, v = \n(u y + ^u 2 y + 1) 



2 Hyperbolic equations with third order symmetries 

Theorem 1. Suppose both x- and y- symmetry of a hyperbolic equation of the form ( 11.191) 
belong to the list (jl.2p - (j!.16p up to transformations (I1.17p . (11.181) . Then this equation belongs 
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to the following list: 

u xy = f(u) s /ul + l, f" = cf, (2.1 
u xy = ae u + be~ u , (2.2 



u xy = Ju x Ju* + l, (2.3 



u xy = \ ul + lJul + l, (2.4 



Uxy 



Vp( u ) - ^\l u l + 1 y u t + a ' ( 2 - 5 

^xy 2ti ;r y/^y 5 (2.7 



u xy = u x Jv% + l. (2.8 
\fu x u y) (2.9 

2.10 



U x y 



u x [Uy + a) 
u xy = , d^O 



l>xy 



U 

Uxv — ( ae " + be~ u )u a 



U X y 



U X y 



u y r) sinh 1 w (77 — l) . 

inht 
2^ 



Uxy = ^-(^COsllU — 1) 

sinhw 



■(($,1] + 1) coshw — £ — 7]), 



sinhw 

Uxy = U~ l U y T]{r] - 1) + CUT](t] + 1), 

u xy = 2u' 1 u y r](r] - 1), 

u xy = 2u^ V ^-l)(rj-l), 

U X y U U x Uy 2,U Uy, 



U x y 



2.11 
2.12 

2.13 

2.14 
2.15 
2.16 
2.17 
2.18 
2.19 
2.20 
2.21 



u l u x {u y + a) — UUy 

U X y \[Uy~ ~t~ QjUyi 

U X y CTi, 

up to transformations (ll.22p . (11.231) . Here p is the Weierstrass function: (p') 2 = Ap 3 — g 2 p — 
g 3 , 4/x 3 - g 2 fi - g 3 = 0, £ = a/u^ + 1, 77 = a/u^TI; a, 6, c, /i, # 2) #3 are constants. 

Proof. If ( I1.25P is an x-symmetry for (11.191) . then 

d 2 d d 

-r-r{u xxx + F) = — —{u xxx + F) + — — (u xxx + F) + —{u xxx + F). (2.22) 
dxdy ou x dx ou y dy ou 

Eliminating all mixed derivatives in virtue of (11.191) . we arrive at a defining relation, which 

has to be fulfilled identically with respect to the variables u,u y ,u x ,u xx , u xxx . Comparing 

the coefficients at u xxx in this relation, we get 

d dF d , 

3^7r- = 0. (2.23) 



dy du xx dx du x 
5 



If some equation from the list (ll.2p - fll.16p is taken for the x-symmetry then the function F 
is known and the defining relation can also be splited with respect to u xx . 

For example, let equation (11.71) be an x-symmetry for (JTTT9J) . Then the u xx -splitting of 
( I2.23P gives rise to: 

{< + - + !)|^ + ( u l ~ 1)* = 0. 

(u 2 + 1) (m-^— f u ^ \ -u 2 —-u ^— - 

x \ du x du y x dudu x ) x du x du y 

The general solution of this system is given by 

^ = y/u* + 1 (g(u, u y ) + C \n(u x + y/u* + 1)) . 

Substituting this expression into ( 12. 22ft and finding the coefficient at u xx) we obtain C = 
and therefore 

* = £(«, % )V^TT- (2.24) 

Splitting (12.221) with respect to u xx and u x , we obtain that (12.221) is equivalent to a system 

consisting of (I2.24p and equations 

d 2 g gff _gg _ Q „ , _ 

duduy du du y " du du y ' 

,Pg+ (dgV . 9 2 s n ' (2 ' 25) 



<9w 2 \duy J " (9m 2 
where (fp') 2 = 4p 3 — g 2 p — <?3- Since p' ^ we have g u 7^ and 7^ 0. It follows from 
the first two equations (12.251) that g = p{u) — pt>\/Uy + a, where /i and a are constants of 
integration. The third equation is equivalent to the algebraic equation 4/i 3 — g 2 /i — g$ = 
for /i. Thus, we get equation (12.51) . 

To prove the theorem we perform similar computations for each equation from the list 
( jl.2p - p.15p taken for x-symmetry. For equations fll.2[) . (11.41) and (11.81) the corresponding 
hyperbolic equation does not exist. In contrast, equation (11.121) is an x-symmetry for several 
different hyperbolic equations. Indeed, in this case calculating the coefficient at u xx in (12.231) . 

we get 

d 2 ^ d$ 

2K + i) 2 ^-K + i) s - + * = o, 



which implies \& = fi(u,u y )(u x + 1) + / 2 (w, u y )^u x + 1. Substituting this into (12.231) . we 
obtain 



« 2 (^H + t)-^ +2 "» 

J2 = Uy ~ Uf l7 —. 

U <7U 
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If the first factor in the first equation is equal to zero, we arrive at (|2.15p . If the second 
factor equals zero, then we get 

lUy^aUy + 1 

Jl 



u(l + ^Jauy + 1) ' 

where a is a constant. The case a / corresponds to (12.171) . while a = leads to equation 
(I2.15P with c = 0. The limit a — > oo gives us equation (12.161) . 

The computations for remaining x-symmetries from the list except for the Swartz-KdV 
equation (I1.9P are very similar and we do not demonstrate them here. 

Consider the Swartz-KdV equation (II. 9p . Equation (11.91) is exceptional because there is 
a wide class of hyperbolic equations with this x-symmetry. Not all equations from this class 
are integrable and we derive those of them that have ^-symmetries. 

It is easy to verify that equation 

U X y = f{U,Uy)U X (2.26) 

has the following symmetry 

3u 2 

u t = u xxx - — ^ + q(u)u% (2.27) 
2u x 

where 

l + f i) 2f + ^ + ^ = °- < 2 - 28 > 

The function q(u) can be eliminated by an appropriate transformation u — > tp(u), but we 
prefer to use transformations of this type for bringing the ^-symmetry to one of equations 
(ll.2p - fll.15p . Here and in the sequel we make the transformation x <-> y in formulas (II. 2p - 
(I1.15P as well as in other formulas we need. 

Any of y-symmetries has the form 

d n u 

u t = u 3 + A 2 (u, u^ul + At(u, «i)w 2 + ui), u n = 

Equation fl 2 . 2 3 [) with x y is equivalent to 

d 2 f d(fA 2 ) dA 2 
3^ + 2^-^ + 2—^ = 0, 

OUy OUy ou 

3u y + 3/— + 2A 2 u y — + /-— + 2A 2 f + — — = 0. 

OUOUy OUy OU OUy OU 



(2.29) 



Equations (I2.28P and (I2.22p give rise to additional restrictions for the functions / and q. 

For symmetries (ll.2p - (ll.5p we have A\ = A 2 = and equations (I2.29P imply / = 
u y g(u) + h(u), gh = 0, g' + g 2 = 0. In the case g ^ we get (I2.10p with a = 0. For g = it 
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follows from (12.281) that q' — and /" + 2qf = 0. If q ^ 0, then without loss of generality we 
take q = — ~ and arrive at equation (12.111) . In the case g = 0, g = we get equation (12. 6p . 

For symmetries ([L6D and dUTJ) A 2 = 0, A 2 = -3/2 ^(u^ + It follows from (T2T281 

and fl2T29|) that / = h[u)u x ^u l y + l,h" = 2h(h 2 + c ), q = c - 3/2 /i 2 . If /i' = 0, then we 
put h = 1 and obtain equation (12. 8p . In the case h! ^ we get /i = y/p — /i, g = —3/2 p. 
The hyperbolic equation is given by (12. 5p with x «-> ?/ and a = 0. 

For symmetries flTBJ, ([0]) A 2 = -f^ 1 , ^i = 0. It follows from (12T291 that / = g{u)u y . 
So, we obtain the equation u xy = g(u)u x u y . Both x- and y-symmetries of the equation take 
the form (12.271) . where 



q = Cexp ^-2 J g(u) du^j - g - ^g 2 



The equation is equivalent to the D' Alembert equation u xy = under the following trans- 
formation: 



u = J duexp ^— J g{u) dv^j . 



For symmetries (flTTOl) and (fTTTT) A 2 = -fit" 1 , Ax = 0. It follows from fl2T2T)]) . (IZ281) 
that / = g{u)u y + #C = 0, qC = 0, + g 2 = 0, g' + 2qg = 0. If C + 0, then 

g = g = 0. Taking C = 2, we get (12.71) . If C — 0, then g = it -1 , g = c m~ 2 , and we obtain 
(J2H0D with a = 0. 

If the y-symmetry has the form (11.121) . then it follows from (12.281) . f!2.29j) that / = 
ku^iuy + l-yjuy + 1), (Jfe-l)(ifc-2) = 0, g = 3(2-fc)/(8u 2 ). If A; = 1 we get (12351) with 
x <-> y. The case A; = 2 leads to (12. 16ft . 

In the case of ?/-symmetry (11.131) the system of equations (12.281) . (I2.29f) has two solutions 
corresponding to equations (12.121) . (12. 13j) with x <-> y. 

Symmetry dl . 141) gives rise to equation ("12.181) with x <-> y. 

Symmetry (II. 1 5 P corresponds to the following equation 

u xy = — ; [u + a)u x . 

u + a 

The shift u — > u — a brings it to a special case of equation (12.191) . 

Considering the linear x-symmetry (11.161) . we obtain equation (12 . 10[) with arbitrary pa- 
rameter a, equation (12.211) . and 

u xy = au x + f(u y - au), (2.30) 

where / satisfies some nonlinear third order ODE. The requirement of the existence of a 
^-symmetry leads to (12.201) . 
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More detailed information of each equation of the list fl2.ip - fl2.21l) can be found in Ap- 
pendix 1. 

Discussion. 

The hyperbolic equations of the form ( 11. 19ft having both x and y-integrals were described 
in [8]. In particular, it was shown that any such equation possesses both x and y higher 
symmetries depending on arbitrary functions. Although not all of these symmetries are 
integrable, usually some integrable symmetries exist for such equations. 

There are integrable equations having only y-integrals (or only x-integrals) . An example 
of such equation is given by (12.51) . where a = 0. Namely, the equation 

u xy = i'(u)u y ^Jul + 1, (2.31) 

where = ■sfp — /i, has the following first order y- integral 

I={u x + y/ul + l)e-t 

and has no a;-integrals for the generic Weierstrass function p. Notice that the same formula 
gives an y- integral for (12.311) with arbitrary function £. 

In some sense equations (I1.19P having integrals can be reduced to ODEs. If we 
are looking for equations (11.191) integrable by the inverse scattering transform method, 
we should concentrate on integrable equations ( 11 . 19j) without integrals. There are 
two classes of such equations. The first one consists of the Klein-Gordon equation 
u xy = cu, c 7^ and equations related through differential substitutions to the Klein- 
Gordon equation. The symmetries for such equations are C-integrable (in terminology by F. 
Calogero). The second class of hyperbolic integrable equations having no integrals contains 
equations that can not be reduced to a linear form by differential substitutions. This the 
most interesting class consists of hyperbolic equations admitting only S-integrable higher 
symmetries. Such equations can be regarded as S-integrable hyperbolic equations. 

For the first glance the anzats ( 11.25}) seems to be very restrictive if we want to describe all 
S- integrable equations (11.191) . The first question is: why only third order equations are taken 
for symmetries? We can justify it in the following way. All known S-integrable hierarchies 
of evolution equations (11.201) contain either a third order or a fifth order equation. For 
polynomial equations this is not an observation but a rigorous statement [9] . That is why it 
is enough to consider hyperbolic equations with symmetries of third order (sin-Gordon type 
equations) and hyperbolic equations with fifth order symmetries (Tzitzeica type equations). 
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The following Tzitzeica type S-integrable equations are known [8, 11]: 



Uxy = Cie « + C2 e"^, (2.32) 

u xy = S(u)f(u x )g(u y ), (2.33) 
u) 1 -\- 3c 

Uxy = f(u x )g(u y ), (2.34) 

u xy = h{u) g(u y ), h" = 0, (2.35) 



where 



(/ + 2u x ) 2 {u x -f) = l, (g + 2u y ) 2 (u y -g) = l, 
(S'-2S 2 ) 2 (S' + S 2 ) = Cl , J 2 = 4lu 3 + c 2 . 
We are planning to consider the Tzitzeica type equations separately. One of the problems 
here is that the list of integrable fifth order evolution equations from [3] possibly is not 
complete. 

The second question is: why we restrict ourselves by symmetries of the form u t = u xxx + 
F(u,u x , u xx ) instead of general symmetries of the form 

u t = <&(«, u x , u xx , u xxx ) ? (2.36) 

The main reason is the following statement (see [12]): suppose equation (12.361) is a symmetry 
for equation (I1.19j) . Then 

j u X) u xx , u xxx ) \ 
dy V du xxx J 

Therefore, if we assume that (11.191) has no nontrivial integrals, then 

i Wi, U XX) 11% 



du xxx 



v xxx i 

= const. 
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Appendix 1. Symmetries, integrals and differential 
substitutions 

Here an information of the integrable equations from the list (I2.ip - (l2.2ip is presented. Only 
the simplest equation from the equivalence class is shown. The existence of x-integrals 
J(u, u y , Uyy, . . . ) and ^/-integrals I(u, u x , u xx , . . . ) was checked till the seventh order. 



10 



Linearizing substitutions from Liouville type equations to v xy = have the form / = v x 
or J = v y . More complicated substitutions / = f(v x , v xx , . . . ) or J = g(v y , v yy , . . . ) are 
presented explicitly. 

Equation (12. lj) . The symmetries have the following form: 

c 3 3 2 1 \ ^^"y^yy c 3 

ut = u xxx — —u x — —j {u)u x , u t = Uyyy — ^^TjTTJ — 2, Uy ' 

There are two the sm-Gordon type equations: 



(12.1a ). u xy = uy/ul + 1 ; (12.1b ). u xy = sinu^ul + 1 
and two Liouville type equations: 

(12.1b ). u xy = \Ju x + 1 ; the integrals are: 

1 = > 7 J = u yy ~ u 'i 

V U x+ 1 

the linearizing substitution u x = sinh(?/ + v x ) gives rise to the general solution: 

u = J sinh(y + f{x)) dx + g(y); 

(12. li d). u xy = e u ^/u 2 x + 1; the integrals are: 

1 = r^—r ~ V u l + !> J = Uyy- -u - -e , 
V u x + 1 2 2 

The general solution is given by 

-ip(x)g'(y) 



u(x, y) = In 



(g(y) + h(x))(ip(x) + f(x)(g(y) + h(x))) J ' 



cp(x) = exp I / , fc(a;) = f f '^[^ dx. 



4f (x) J ' w 7 ; 2 (x) 

Equation ( 12.21) . Both a;- and y-symmetries have the form (jl.5p . where Ci = c 2 = 0. If 
a& 7^ 0, then we have the sm-Gordon equation. 

(12.2a ) . u xy = e u is the Liouville equation. Its symmetries have the same form as for the 
sin-Gordon equation. The integrals were shown in the Introduction. The general solution 

u(x,y) l °S{ {f{x)+giv)) 2). 

was found by Liouville in 1853. 

Equation (12.31) . The x-symmetry has the form (11.101) . where C\ = 0,C2 = —3/4; the 
?/-symmetry is of the form (11.61) . where c% = c 2 = 0. It is an S-integrable equation. 
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Equation ( 12. 4p . Both x- and y-symmetries have the form (11.61) . where C\ = 0, C2 = 
— 1/2. It is an S-integrable equation. 

Equation ( 12.51 ). The x-symmetry is of the form (11.71) . the form of the y-symmetry is 
analogous: 

3UyUyy 3 . . . n \ 

Ut = Uyyy ~ ^ ~ ^ ~ -p{u)U y { Uy + O) . 

If a = 0, then this symmetry is equivalent to (11.91) . 

In the general case the equation can be rewritten using the Jacobi function sn as: 

1 

sn(w, k) 

This is an S-integrable equation except for the degenerate cases considered below. Notice 

that the formulas 

n \ cn(u,k) /— r cn(u,k) 

VP(U, 92, 9s) - A*! = VP(U, 92, 9s) ~ I* = ^^y- 

lead to another forms of this equation. They can be reduced to (I2.37P by the substitution 
(u,k) (Xu,f(k)) (see [13], Sec. 13.22). 

There are two degenerate cases for the Weierstrass function. In the first case when 
p{u) = u~ 2 we have [i = and y 'p — \i = u~ l . In the second case p{u) = sin~ 2 -u — ~, 
fj, — — 3 and y/p — /i = sin -1 u. 



u *y = m fn. ia N u l + 1 V u2 y + a - ( 2 - 37 ) 



(12.5a ). Equation u xy = u 1 \/u 2 x + 1 y/u 2 + a is C-integrable, the integrals are: 



y/ul + 1 u x y/u 2 y + a u 

The general solution is given by: 

doc f* doc 



u(x,y) = \J f(x) + g(y) 



— a 



f'{x) J g'(y) 



( 12.5b ). Equation u xy = (sinw) 1 y/u 2 , + 1 yju 2 + a is C-integrable, the integrals are: 



/ = — , xx + cot u\Zul + 1, J= — ^ + cot uJu 2 + a. 



If a = 0, then the general solution is 

/ \ 9 f f(x) + h(x)+g(y) \ 1/2 
u{x,y) = 2arccos I ) > h \ x ) 

If a 7^ 0, then the general solution is 
u(x,y) = arccos *f?(x, y), 



J x/f^^Pdx. 



*{x, y) = \w(x) [e»(£ + hf - e-f] (2w' + /w) + (£ + h)e° , g = g(y), 



h(y) = je-Syfg^^dy, f (x) = 1(1 + / 2 ) - 2^, = / 



da; 
w 2 (x) 
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( 12.5b ). a = 0, u xy = f{u)uy\Jul + 1. There exists the following ^-integral 

I = (u x + y/ul + 1) exp(-£(u)), f (u) = y f{u) du 
for all /(«)• This leads to the first order ODE: 

All remaining equations are C-integrable. Some of them have two integrals and can be 
reduced to the D'Alembert equation. Others have no integrals and can be reduced to the 
Klein-Gordon equation. 

Equation ( 12.61) . The x-symmetry has the form (11.91) and the y-symmetry is the mKdV 
equation u t = u yyy — 6u 2 u y . The integrals are: 

T u xxx 3u xx 2 
The general solution is given by 

g"{y) g'(y) 



u(x,y) 



2g'(y) f(x) + g( y y 



Equation ( 12.7ft . The x-symmetry has the form (11.91) and the y-symmetry is ( 11 . 101) . 

where C\ = 0, C2 = —3. The integrals are: 



,2 



T u xxx 3u xx 

The general solution is given by 

f(x)+g{y) J Ag' 2 

Equation ( 12.8ft . The y-symmetry takes the form ( 11.61) . where C\ = 0, C2 = —1/2 and 
the x-symmetry is 

3u xx 1 ^ 

" ; = U777 2""' 

This symmetry can be reduced to (11. 9p by u — * lnw. The integrals are: 

u x 2ul 2 *' {u y +^u y + L)e . 

The general solution is given by 

g(y) 



u(x, y) = In 



1 + 



f(x) + h(y) 



J g Wg' 2 -g 2 d y> h = ~\ 9 ~\ J v 7 s 12 - g 2 



dy. 
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Equation ( 12. 91) . (The Goursat equation.) Both x- and y-symmetries have the form (11.111) 
with arbitrary constant c. 

The equation is reduced to the Klein-Gordon equation v xy = \v by any of the following 
two differential substitutions: 

(1) u x = 4vl, u y = v 2 ; (2) u x = v 2 , u y = 4t> 2 . 

Equation (12. 10ft . The x-symmetry has the form (11.111) . where c = and the ^/-symmetry 
can be obtained from (11.51) by the substitution C2 = 0, u — ► — Inu. Moreover, there exists 
the following second order y-symmetry u t = u yy — 2u~ 1 {u 2 + au y ). 

The integrals and the general solution are: 

T u xx u y + a f(x) - ag(y) 

1 = , J = — ; u(x,y) = — . 

u x u g'(y) 

Equation ( 12. lip . The x-symmetry has the form (I2.27p . where q — — \ and the y- 

symmetry is given by (II. 5p . where c\ = — |a 2 , C2 = — §& 2 . The integrals are: 



T U xxx 3U XX 1 n T 7, , 7 — ii 

/ = — f - -u 2 x} J = u y -ae u + be u . 

u x 2u x 2 



In the case a / the general solution is given by 

h(y) 



u(x,y) = \ng(y) + In 
if a = then 



1 + 



f(x) - up(y) 
u(x, y) = In 



, \nh = j(ag + bg l )dy, = \ ghdy; 
f(x) - bg(y) 



g'(y) 

Equation ( 12.12ft . The x-symmetry has the form ( 11. 13j) . There are the following y- 



symmetries: 



3 1 

u t = u yyy — - ( 3 + coth u)iiyU y y + ~(3 coth 2 11 + 6 coth-u + 7)Uy, 



1- - , 2 



2 

The integrals are: 



Ut = Uyy (3 + cothu)u y 



u 2 — 277 + 6" U vv 1 , 

1= , J=-5--n y (coth« + 3). 



sinh u u y 2 



The general solution is given by: 



u{x,y) = ~\n{l + ^), ^ = f(x)(g(y) + h(x)), f' = f-lfh' 2 . 
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Equation ( 12.13ft . The x-symmetry has the form fll . 13j) . There are the following y- 

symmetries: 

U t = Uyyy ~ QUyUyy COtll U + 2(3 COtll 2 U ~ l)Uy, Uf = Uyy ~ 2Uy COth U. 

The integrals are: 

I = — — — , J = — — 2u v coth-u. 
r] — e~ u Uy 



The general solution is: 



u(x,y) = - In 



ip-1 



f 2 + 4 f 2 

V> = /(*)GKy) + *(*)), h =—^r-- 



Equation ( 12.141) . Both a;- and ^-symmetries have the form (j!.13p . The equation is 
reduced to the Klein-Gordon one v xy = v by the following differential substitution: 



X 



(y 1 v x sinhw + coshu) 2 — 1, u y = (y 1 v y sinhw + coshu) 2 — 1. 



Equation (12. 15j ) . There are x-symmetry of the form (11.121) and the following y- 

symmetry: 

U t = Uyyy - "J ^ W ^ ~ ^ U y) . 

The equation can be reduced to the Klein-Gordon equation v xy = cv by the following differ- 
ential substitution: 

u = v 2 /z, z x = —v 2 , z y = —cv 2 . 

If c = then the Klein-Gordon equation is reduced to the D'Alembert equation and the 
following two integrals appear: 

U Uy 2u 

The general solution is: 

/ \ (/0) + g(y)) 2 , v f fl2 ( \ j 

U{x,y) = , Z[X) = ~ If (X)dx. 

z{x) J 

Notice that if c = the equation admits a second order symmetry. 

Equation ( 12.161) . There are x-symmetry of the form ( 11. 12ft and two the following 
^/-symmetries: 

Ut = Uyyy ~ QU^UyUyy + GU^Uy, Uf = Uyy ~ 2U^Uy. 

The integrals and the general solution are given by: 

I = ^±, J=^L-2% u(x,y)= rXPl V h(x) = - [ f 2 (x) dx. 
u u y u h(x)+g{y) J 
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Equation ( I2.17p . Both x- and y-symmetries have the form (j!.12p . The integrals are of 
the form: 

n(r,-l) u V{r] ij ' C(e-l) ij - 

The general solution is given by: 

u(x,y) = (f( x ) + 9(y)) z (x,y) = - f f 2 ^dx- [ g' 2 (y)dy. 
z{x,y) J J 

Equation ( 12.181) . There are x-symmetry of the form (j!.14j) and two the following 
^/-symmetries: 

U t = Uyyy ~ Qlf UyUyy + VI VT ^ ' Uy , «j = Uyy ~ Uy . 

The integrals are of the form: 

U Uy U 

The general solution is: 

(\ 1/2 

Equation ( 12.191) . There are rc-symmetry of the form (I1.15P and two the following 
^-symmetries: 

Ut = Uyyy — 3u (2u y + a)u yy + 3 cm ~ s '' u y (3u y + a ) + 6u~ 2 Uy, u t = Uyy — 2u~ Uyiuy + a). 

When a = the y-symmetry (11.91) is also admitted. The equation can be reduced to the 
Klein-Gordon one v xy = —av by the following substitution: 

1 / v„ 



u, 



— uj(u — A), u y = - (u^- + aj (u — A), 



where A is arbitrary parameter. If a = 0, then the Klein-Gordon equation is reduced to the 
D'Alembert equation and two integrals appear: 

j = ^ +u J= ^yy_ 2 ^y j 

U Uy U 

In this case the general solution is in the form u(x,y) = f'(x)(f(x) + g{y))~ 1 . 

Equation ( I2.20p . The x-symmetry is u t = u xxx — | a u xx and the y-symmetry has the 
form (11.111) . where c = and x — > y. The integrals are of the form: 

3 (X ^yy 
1 L^xxx o ^ ^xx ~T~ "77" ^xi 'J \ : • 

2 2 au y + ^Ju7y 
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The general solution is given by: 



/ 



1 -e 



ax/1 



) 



u{x,y) = f(x) + e' 



ax 



g(y) + 



a 



dy. 



The limit a — > is available here. 

Equation ( 12.21ft . There are infinitely many symmetries of the form Ut = P(d x , d y )u, 
where P is an arbitrary polynomial with constant coefficients. In particular, there exist x- 
and ^-symmetries of the form Ut = P\{d x )u and Ut = P2(d y )u . If c 7^ integrals do not 
exist otherwise the simplest integrals are: I = u x , J = u y . 
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